Abstract-A simple method is described for constructing physically realizable driving-point impedance function from measured frequency response data (i.e., magnitude and phase) on a model winding and a transformer. A unique feature of the proposed method is that it ensures the constructed rational function is always positive-real, thereby guaranteeing synthesis of a physically realizable network every time. This feature could not always be guaranteed by earlier methods. Hence, it was a limitation. The proposed method is demonstrated on a single-layer model winding and the measured terminal characteristics is converted to a lumped parameter ladder network, since this representation is naturally suited to establish a physical mapping between the actual winding and synthesized circuit. So, the need to guarantee physical realizability is evident. Proceeding further, the terminal characteristics of a 315-kVA, 11/6.9-kV transformer is measured and a rational function representation is obtained. However, its realization as a coupled ladder network requires some more work to be done. In summary, it is believed that this proposal is a step towards providing a solution for localization of deformation in actual transformer windings.
I. INTRODUCTION
O CCURRENCE of overvoltages and short-circuit forces in a power system is natural, inevitable and one of the main causes for power transformer failure. Depending on its severity, these events can result in deformation/displacement of the winding, which subsequently could develop into major faults. Such initial damages can also occur due to unskilled handling and/or rough transportation to the installation site. Over the years, diagnostic and monitoring tools like low-voltage impulse (LVI) testing and frequency response analysis (FRA) have been found to be reasonably effective in detecting such situations [1] - [4] . However, matters pertaining to interpretation of frequency response data leading to fault localization has not attracted enough attention. It is needless to emphasize the practical significance of solving this problem. In the authors' opinion, achieving this would require a suitable mathematical formulation. The foremost step in this endeavor turns out to be: • based on input impedance measurements (in frequency domain), develop a procedure to construct a physically realizable rational function; • starting from the constructed rational function, synthesize a lumped parameter ladder network. Selection of the lumped parameter ladder network for this purpose is a natural choice, as it not only models the lightning impulse behavior adequately, but also, inherently captures in it the physical length of the winding. In other words, the physical continuous winding can be visualized as being mapped onto a set of discrete nodes, starting from line to neutral end. Quite obviously, non-ladder networks are not suitable for addressing the objective of localization.
The task of synthesizing a ladder network, starting from the measured frequency response data, requires that the data be first represented as a rational function of polynomials in "s". When this rational function satisfies certain specific properties, then synthesis of a physically realizable network (i.e., a ladder network in this case) becomes permissible. Else, it is not possible. The property of physical realizability is an essential prerequisite, which can be achieved, if and only if:
• measured data corresponds to driving-point functions (impedance or admittance); • rational function constructed must be positive-real. Amongst the above two, the first is easily taken care of during measurements. With availability of many commercial equipment (specifically meant for FRA measurements), the task of measuring magnitude and phase (corresponding to impedance) is a fairly simple exercise. Once data become available, the next step is to obtain a positive-real rational function corresponding to it. Although, many methods have been proposed to convert frequency response data into equivalent rational functions, they could not always guarantee that it is positive-real. A rational function is said to be positive-real, when both of its (numerator and denominator) polynomials are Hurwitz polynomials, i.e., whose coefficients are of the same sign.
Thus, the primary objective of this paper is to convert drivingpoint impedance data (available in frequency domain) into a positive-real rational function in s-domain. This is demonstrated for a simulated case, a model winding, and an actual transformer.
II. LITERATURE REVIEW
Literature pertinent to the objective of this paper were examined. Previous efforts can basically be classified into two categories, viz. the following.
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Based on terminal measurements on the winding, there have been some efforts to construct circuit models (all of them are non-ladder) of the windings [5] - [8] . In [9] , two non-ladder networks were constructed using frequency response data corresponding to a transformer winding before and after introduction of a fault. Although the circuits reproduced the terminal characteristics well, they did not correspond to physically realizable networks, as resistances were negative and the inductance values far too high. Equivalent circuit model can also be obtained by using modal analysis as described in [10] , wherein each natural oscillation of the transformer is allocated a series resonant circuit. Since the resulting network is non-ladder, a direct mapping of the constructed network with transformer winding is not possible and hence the objective of fault localization cannot be addressed by it. So, utility of these efforts in the present context is remote. (ii) Approximating terminal characteristics with rational functions. Although there have been some efforts to construct rational function approximation of terminal characteristics (in s-domain) using frequency response data [11] - [13] , they were not always physically realizable. For example, when driving-point function constructed is not a ratio of Hurwitz polynomials, then it cannot be represented by a physically realizable network [14] . Nonetheless, these functional models have been very useful in representing terminal behavior of transformers in transient studies. Thus, from the above, it emerges that a procedure guaranteeing construction of a positive-real functional approximation of terminal characteristics has not been reported, and hence, forms the subject matter of this paper.
III. PROBLEMS IN EXISTING APPROACHES
To construct the driving-point impedance function (DPIF), the following quantities are to be measured at each discrete frequency (using a digital oscilloscope and a current probe).
• Amplitude of input voltage, , and input current, • Time delay, , between input voltage and input current (estimated when waveforms are zero-crossing and having positive slope) From the above measured quantities, magnitude, , and phase, , of the driving-point impedance at the frequency " " is determined as (1) With the knowledge of magnitude and phase data over a wide range of frequencies, magnitude and phase plots of drivingpoint impedance can be obtained. Initially, for the sake of explanation, consider a simulated DPIF data, as shown in Fig. 1 .
For the data corresponding to Fig. 1 , built-in function in MATLAB, "invfreqs" (which is the implementation of the method proposed in [11] ), was used to determine . Apart from requiring magnitude and phase data at discrete frequencies, orders of the numerator and denominator polynomials are also to be supplied. Since, the data correspond to driving-point impedance, the order of the numerator polynomial is one less than that of the denominator polynomial [15] . A direct use of this function "invfreqs" poses the following problems (linked with correct choice of order of polynomials)-• By choosing the order of the denominator polynomial less than four (corresponding to the four peaks observable in the magnitude plot), it resulted in rational functions with Hurwitz polynomials. However, the corresponding magnitude and phase plots estimated do not agree with those in Fig. 1 . So, it implies that order of the denominator polynomial cannot be less than four.
• When the order of denominator polynomial is four or more, the polynomials constructed are non-Hurwitz and, hence not useful in the present context. • Further, the process of constructing rational function involves numerical problems due to ill-conditioned matrices and hence the results obtained are unreliable.
• Additionally, existence of noise in FRA data would complicate this matter further. From the above exercise, it is clear that existing curve-fitting approaches fit a rational function to the frequency response data, but cannot always guarantee its realizability as a network. Hence, there arises a need to devise a suitable method for constructing a network function from practical FRA data and furthermore the method should guarantee that the function constructed corresponds to a physically realizable network always.
IV. PROPOSED METHOD FOR CONSTRUCTION OF DPIF
One of the unique properties of driving-point impedance function is that each pole (or its complex-conjugate) alternates with a zero (or its complex-conjugate). As a result, peaks and troughs in the magnitude response get arranged such that every peak is followed by a trough and vice-versa. This feature is obvious from Fig. 1 . Such an orderliness of peaks and troughs permits use of existing relations pertinent to a parallel (or series) circuit comprising a resistance, an inductance and a capacitance, for determining the poles and zeros [15] .
In [16] , it is shown that the driving-point impedance function for the lumped parameter ladder network model consisting of " " sections, with its neutral being grounded, has { pairs of complex-conjugate poles, pairs of complex-conjugate zeros and one real zero}. In practice, all the natural frequencies of the winding may not be well-pronounced in the magnitude frequency plot due to various reasons viz. higher damping due to skin effect, pole-zero cancellation, etc. Suppose, if the frequency response data exhibits only " " peaks (where, ), and since in these plots, every peak/trough signifies a pair of complex-conjugate poles/zeros, the driving-point impedance function to be constructed would be of the following form [18] : (2) where scaling factor; real zero; , complex conjugate zero-pair; , complex conjugate pole-pair.
Complex zeros and poles in (2) are of the form
Starting with this definition of Z(s), the proposed method of constructing DPIF using frequency response data (as shown in Fig. 1 ) is comprised of the following steps.
A. Determination of Poles
Poles of DPIF can be determined using the magnitude and phase plots shown in Fig. 1 . The angular frequencies at which magnitude of the impedance approaches the peak value and the phase simultaneously changes from positive to negative, are identified and designated as , i.e., undamped open-circuit natural frequencies (ocnf) of the system considered. Real and imaginary parts of the poles are expressed as [15] where represents the quality factor of the circuit at . For (which is always satisfied in the present context), the above expressions become (4) where and represent the lower and higher 3-dB frequencies, respectively, in the neighborhood of the undamped ocnf . That is, at those frequencies, magnitude of the driving-point impedance is 3 dB less than that of the magnitude at . For determining those 3-dB frequencies, the region around every is considered in the magnitude plot [ Fig. 1(a) ]. Once the 3-dB frequencies are known, the real and imaginary parts of the pole can be determined using (4). Thus, all the poles corresponding to the peaks observed in the magnitude plot [ Fig. 1(a) ] of driving-point impedance can be determined.
B. Determination of Complex Zeros
All complex zeros can be estimated by following a similar procedure as described for determining the poles. The angular frequencies at which the impedance approaches the trough in Fig. 1(a) and simultaneously the phase changes from negative to positive in Fig. 1(b) are identified and are denoted as , i.e., undamped short-circuit natural frequencies (scnf) of the system considered. If and represent the lower and higher 3-dB frequencies corresponding to which the magnitude is 3 dB more than the value at , then the real and imaginary parts of the complex zeros can be determined as, (5) Thus, all the complex zeros corresponding to the troughs in the magnitude plot [ Fig. 1(a) ] of driving-point impedance can be determined.
C. Determination of Real Zero
Real zero can be determined either by using the magnitude plot [ Fig. 1(a) ] or by considering the low-frequency equivalent circuit. Application of one of these methods can be decided based on the closeness of the real zero to the imaginary axis of s-plane. That is, if the real zero is close to the imaginary axis, a low-frequency equivalent circuit can be used and if it is far away from the imaginary axis, magnitude plot Fig. 1(a) can be utilized. Both these methods for determining real zero are explained here. 1) Magnitude Plot: As the real zero lies close to the imaginary axis compared to other poles and zeros, the region around the zero frequency in the magnitude plot of the driving-point impedance is considered. As this first-order zero is followed by a peak, magnitude of the driving-point impedance increases from , equivalent dc resistance as seen by the input terminals. The frequency (in the neighborhood of 0 Hz) at which magnitude of the impedance is 3 dB more than that of the magnitude at 0 Hz is identified, that is (6) Hence, the real zero would be at, . If is close to (lower-cutoff frequency of the current probe used for current measurement) and lies in the low-frequency region, then determination of using the magnitude plot may not be accurate as the measurements carried out in that frequency range would be unreliable. In such a case, a low-frequency equivalent circuit can be utilized for determining the real zero and is explained below.
2) Low-frequency Equivalent Circuit: The driving-point impedance at low frequencies is (7) where is the equivalent inductance as seen by the input terminals.
From the above, the real zero is found to be (8) Since resistance and inductance ( and ) can be measured at the input terminals of the winding, real zero can thus be determined without much difficulty.
D. Estimation of Scaling Factor
Once the poles and zeros have been determined, the driving-point impedance function can be expressed in the pole-zero form as in (2), in which the scaling factor is yet to be found. The impedance offered by the equivalent circuit of the winding at zero frequency (i.e., ) is same as and hence the scaling factor can be expressed using (2) as (9) Since poles and zeros have already been determined, it becomes straightforward to find the value of scaling factor.
E. Guaranteeing Physical Realizability
From (2)- (5), it is clear that the DPIF to be constructed using the proposed method would always have its zeros and poles in the left half of s-plane. That is, polynomials of DPIF would have positive coefficients only. Thus the methodology ensures the polynomials of DPIF to be Hurwitz and this feature was not afforded by earlier approaches. Because of this feature, the constructed DPIF is always guaranteed to correspond to a physically realizable network/system. Note: Since both zeros and poles of driving-point functions are the natural frequencies of the system, their determination by exciting the system becomes possible, whereas zeros of transfer function are in no way related to the natural frequencies of the system [17] and hence their determination by exciting the system is not possible. Therefore, in this work, a driving-point function has been chosen in contrast to the transfer function.
V. RESULTS AND DISCUSSION
The principle of the proposed method is illustrated by initially considering a simulated data set (magnitude and phase as in Fig. 1 ) and thereafter measured FRA data are considered.
A. Simulation Results
For the simulated FRA data in Fig. 1 pertaining to a ladder network, the steps involved in constructing DPIF are explained below. a) Complex poles and zeros: In Fig. 1 , it is seen that there are four peaks and three troughs. All the frequencies at which peaks and troughs occur are identified and are designated as and respectively. Then, 3 dB frequencies corresponding to every peak frequency and 3 dB frequencies corresponding to every trough frequency are determined. Substituting the values of these frequencies in (4) and (5), poles and zeros can be determined and are presented in Table I and  Table II , respectively. . FIG. 1) b) Real zero: It can be determined using (8) and is found to be, . c) Scaling factor: It can be determined using (9) and is found to be . d) Polynomials of constructed DPIF: Numerator and denominator polynomials ( and ) of DPIF are given as follows:
It is evident from the above that all the coefficients of polynomials have the same sign. e) FRA plots with constructed DPIF: Using the constructed polynomials, magnitude and phase are plotted by incrementing the values of (where ) and are shown in Fig. 2 . Comparing the estimated magnitude and phase with Fig. 1 clearly shows that the match is excellent. This was expected, as it is a simulated data wherein noise is absent.
B. Experimental Results
The proposed method is validated with practical FRA data obtained by making measurements on: 1) a single-layer model winding and 2) an actual two-winding transformer.
1) FRA on a Model Winding:
The model winding consisted of one single-layer (18 SWG insulated wire) wound on an insulated air-core former of diameter 200 mm. The winding had 200 turns and taps were provided after every 20 turns. Using these taps, series and shunt capacitances were connected externally to represent continuous-disc winding, such that: 1) initial voltage distribution constant, and 2) effective value of shunt capacitance to ground, . The following quantities viz. , were measured using an LCR bridge. Then FRA is performed on a model winding and some important details of the measurement are as follows.
• A current probe with a bandwidth of 450 Hz-60 MHz was employed, selecting a sensitivity of 2 mA/mV. • A manual sweep of the frequency was performed along with averaging technique to accurately acquire the input voltage and current waveforms using a digital oscilloscope.
• The incremental frequency was chosen as small as 200 Hz in the regions corresponding to the peaks and troughs so as to measure them accurately.
• Built-in function in the oscilloscope to measure "time-delay" between two waveforms was used to estimate phase. The corresponding FRA plots are shown in Fig. 3 . a) Complex poles and zeros: All complex poles and zeros are determined as discussed in Section IV and are listed in Table III and Table IV, It is again observed that the coefficients of both polynomials have the same sign. e) FRA plots with constructed DPIF: Using the constructed polynomials, magnitude and phase are plotted by sweeping the values of and are shown in Fig. 4 . A comparison of the estimated magnitude and phase with those measured (in Fig. 3) shows that the match is excellent.
2) FRA on a Transformer: FRA was performed on the 11-kV winding of a two-winding transformer (315 kVA, 11/6.9 kV) with its neutral grounded, while the other winding was shortcircuited and grounded. FRA plots are shown in Fig. 5 .
Steps involved in constructing the DPIF are as follows.
(i) The peaks and troughs in the magnitude plot are identified manually. For clarity, the peaks are marked in Fig. 5 . This manual procedure can be suitably automated at a later stage, if required. (ii) When the 3 dB point corresponding to a peak/trough does not physically exist on the magnitude plot, then it can be estimated approximately as follows.
-In some instances, when one of the 3-dB point is unavailable, then it can be approximated by employing symmetry with respect to the peak. For example, corresponding to the peak marked "4", the upper 3 dB point is found by symmetry using the lower 3 dB point which exists on the plot. -When both the upper and lower 3-dB point corresponding to a peak/trough does not physically exist on the magnitude plot, a linear extrapolation (on either side of the peak/trough) is used to estimate the 3 dB points, wherever necessary. This situation usually occurs when two poles lie very close to each other, for instance, poles marked "8 & 9". (iii) The measured values of and are and 22.4 mH, respectively. Hence, real zero, . (iv) Scaling factor is found to be . By deploying the proposed approach together with the above guidelines, DPIF is constructed and the coefficients are listed in Table V . Further, using this rational function, the magnitude and phase plots are obtained and are presented in Fig. 6 .
The following points emerge from the results presented.
• FRA plots obtained using the constructed rational DPIF agree very well with those measured on the transformer. That is, terminal characteristics of the transformer are modeled accurately by the rational function. All the subtle aspects seen in the measured data are well reproduced in the magnitude and phase plots obtained from the constructed DPIF. • From the constructed DPIF, it is clear that all coefficients of both the numerator and denominator polynomials are positive (i.e., similar in sign), implying that the constructed DPIF consists of Hurwitz polynomials only.
VI. PHYSICAL REALIZABILITY OF DPIF AS A LADDER NETWORK An attempt is made to synthesize a physically realizable ladder network corresponding to the data acquired from the single-layer model winding (whose terminal characteristics is shown in Fig. 3) .
Starting from the constructed rational function (described by polynomials in Section V) and deploying the method illustrated in [18] (more details are available in [16] ), it is possible to meet the objective. Initially the number of sections in the ladder network to be synthesized is estimated (here, it is 6) and then the elemental capacitances (series capacitance/section: 0.6 nF, shunt capacitance/section: 0.933 nF) are determined.
Since there exists symmetry in the model winding, it is appropriate to consider the self inductance of all the sections as identical and the mutual inductance between sections and can be expressed as Self and mutual inductances are estimated iteratively and for brevity, only the results are presented in Table VI. (Note: In case of no symmetry in the winding disposition, the above expression is not valid and all of the self and mutual inductances are to be estimated similarly.)
The resulting synthesized ladder network is shown in Fig. 7 . It faithfully reproduces the same terminal characteristics as measured with the model winding (Fig. 3) . Similar such ladder networks can be synthesized corresponding to the cases with the introduction of faults. A comparison of these networks with the network corresponding to the fault-free case reveals the nature, location, and extent of the fault. Several examples illustrating this possibility of mapping the changes in the physical winding in terms of the variations in circuit elements are presented in [18] .
It must be noted that the proposed method still has a long way to go, before it can be applied to multiwinding transformers. As a matter of fact, more than one ladder network will have to be synthesized corresponding to each phase and number of windings present. The electrostatic and magnetic couplings within the windings and between the windings are to be considered in the circuit model. Also, some thought has to be given regarding handling non-uniformity, most often present in large transformers, due to interleaving, tap-winding, tertiary winding, and so on, during circuit synthesis. Further, it must be noted that frequency response data have to be limited to about 2 MHz (an optimistic upper limit) while constructing the rational function because such lumped-parameter circuits have an upper bound on the frequency, after which, such circuit representations will no longer be valid. Lastly, the accuracy and resolution with which the frequency response data are acquired will play a vital role in the accuracy of the rational function constructed.
VII. DISCUSSION
1) The match between the measured and estimated frequency response was observed to be very good in all cases.
2) The formulation is such that the method does not suffer from any numerical problems. This, in fact, was a limitation of the earlier methods. 3) Noise which is usually present in practical data, does not seriously affect the estimated values, as was demonstrated when actual FRA data on a transformer was processed. 4) The constructed is always guaranteed to be positive-real. Thus, ensuring physical realizability. Once the system can be physically realized, it enables construction of physical models and measurement of system performance, for example, estimation of voltage distribution in the winding, determination of the transferred voltage at any internal node and hence the severity of the electric stress at different locations of the winding, etc., 5) For all cases discussed, complete details of the constructed DPIF have been furnished, to enable independent verification of the results. 6) The method described is very general and hence applications can be many irrespective of the field. Perhaps, one possible example could be, in power system studies (to estimate time-domain responses), the method could be employed to represent a transformer (as a module in frequency domain) up to about 2 MHz.
VIII. CONCLUSION
A simple and elegant procedure has been proposed to convert the terminal characteristics obtained from a model winding and a transformer into a rational function. As the constructed rational functions consist of Hurwitz polynomials only, its conversion into physical networks is guaranteed. To demonstrate this, a ladder network is synthesized corresponding to frequency response data acquired from a single-layer model winding. It is believed that synthesizing such physically realizable ladder networks corresponding to the terminal characteristics of transformer would be of some help in locating mechanical deformations in it. Although the method has been illustrated for the FRA data corresponding to transformer, it is equally applicable to derive a model for any physical system.
